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Abstract—The nonlinear, partial differential equations defining free convection boundary-layer flow
along a vertical, flat, subliming, nonreacting surface were solved by means of a similarity transformation
and a numerical method of asymptotic iteration through the boundary layer. The ambient temperature
and pressure were varied to observe the resulting effect on the Nusseit and Sherwood numbers. Particular
interest was directed to the effect of the pressure ratio (P,/P,,) near regions of flow instability caused by
the interaction of buoyancy and gravitational forces in the boundary layer. The results indicated that the
ambient pressure can have a significant effect on convective heat and mass transfer in certain, well
defined regions.

NOMENCLATURE
C, constant defined in equation (9);
D, mass diffusivity ;
F',  dimensionless velocity function;;
g, gravitation acceleration;
h, convection coefficient ;
k, thermal conductivity;
M, molecular weight;
P, pressure;
T, temperature ;
flow velocity in the x and y directions
respectively;
coordinate axes measured parallel and
normal to the plate respectively;
X,  body force defined in equation (7);
Gr,, local Grashof number;
Nu,, local Nusselt number;
Pr,  Prandtl number;
Sc¢,  Schmidt number;
Sh,, local Sherwood number.

Greek symbols
2, thermal! diffusivity
0, boundary-layer thickness;
1, similarity variable;

* Associate Professor, USNA.
+ Ensign. U.S. Navy.

0, dimensionless temperature function:
A, dimensionless body force, = X/ X ;
v, kinematic viscosity ;
P, density ;
@, dimensionless mass fraction ratio;
v, stream function;
w, mass fraction.
Subscripts
a, free stream component ;
b, subliming component ;
w, wall condition;

o, free stream condition.

INTRODUCTION

DURING recent years, the behavior of multi-
component boundary layers has been the subject
of considerable study, particularly with refer-
ence to mass injection through a porous wall.
The standard heat-transfer problem for both
forced and free convection was compounded by
the additional mass transfer, resulting in in-
creased interest in the coupling effects of thermal
diffusion (Soret effect) and diffusion thermo
(Dufour effect) for certain conditions. References
[1, 2] contain bibliographies and discussion of
this effort.

This paper is concerned with the boundary-
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layer behavior on a vertical subliming organic
surface in air and the instabilities that occur
when the magnitude of the upward temperature
induced buoyancy force is nearly equal to the
magnitude of the downward gravitational at-
traction on the subliming component. For
example, such a region of flow instability might
occur during the sublimation of a heavy organic
vapor from a heated surface. Such regions were
noted in [1] with regard to heavy injected gases
such as carbon dioxide, argon and xenon.
Special emphasis in the present analysis is given
to the effect of the ambient conditions of pressure
and temperature on the behavior of the multi-
component boundary layer.

Numerical solutions to the governing differ-
ential equations were obtained for three different
subliming materials. Para-dichlorobenzene (p-
CgH,Cl,) was chosen because experimental
results were available for free convection subli-
mation into air at atmospheric pressure [11].
The other two organic materials, naphthalene
(C,oHjg) and camphor (C,,H 50}, were chosen
as being representative of commonly used
organic materials.

A discussion of the theoretical model! used in
the analysis is given below along with important
assumptions. The formulation of the body force
in the momentum equation and the transformed
set of equations used to obtain the final results
are presented.

THEORETICAL MODEL

The basic equations which were analyzed are
as follows:

continuity:
du Ov
— 4+ —=0 1
ax + ady M
momentum:
du du o*u P
- —= V= | 2
“ax+”ay vay2+g<p ) (2)
energy :
u‘a—T + viz = o T 3
0x oy ay* &
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species
56{:,, awb 52(,0,,
—— Y D [P 4
u&t+b6y @ gy? @
state:

p = play, T) (5)
with the accompanying boundary conditions,
at y=0: u=0; v=10,;

T=T,; W = Wy,
D =0 - T . (6)
at y-»oo: u=0; T=T,;

Wy = Wy = 0.

The model used in this investigation was the
steady-state, two-dimensional, laminar, free
convection boundary layer with constant trans-
port properties on a vertical, flat, nonreacting
surface. Figure 1 shows a model sketch for
T, > T, with the boundary layers growing from
the bottom of the plate. When T,, < T,, the
boundary layers were assumed to grow from the
top of the plate. The simplifications inherent in
the basic equations are discussed briefly in the
following paragraphs.
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FiG. 1. Physical model for simuitancous heat and mass
transfer from a subliming surface.
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The Soret and Dufour effects mentioned
earlier were negligible for this model since the
investigation was concerned with heavy, organic
materials, and consequently were omitted from
the species and energy equations. Although
Sparrow et al. [3] found that light gases such
as helium could cause large diffusion thermo
effects under certain conditions, a previous
report [4] indicated that such effects were
negligible for heavier gases such as CO,, A
and Xe.

A study of the effects of physical property
variation on binary diffusion and heat transfer
on a vertical surface reported by Gill et al. [5]
has shown that for CO,, the heaviest gas con-
sidered, close agreement was obtained in cal-
culating the Nusselt number whether or not the
physical parameters (except the density in the
body force term of the momentum equation)
were allowed to vary as a function of temperature
and pressure. Such an approximation cannot
be made for the lighter gases considered in [5],
but was justified in this study due to the rela-
tively large atomic masses of the organic mat-
erials used. Care should be taken, however, that
the average values selected for these parameters
are applicable for the specific temperatures and
pressures used later in setting up corresponding
temperature and pressure ratios.

In order to analytically define the problem, it
was assumed that both the subliming organic
vapor and the surrounding air behaved as
perfect gases. From the boundary conditions, it
may be noted that subliming material was
assumed to be nonexistent in the free stream.

Experimental evidence has shown that flow
instabilities on a vertical subliming surface are
dominant for Grashof numbers less than 10°.
Thus, no meaningful results were anticipated
outside the Grashof range between 10° < Gr
< 10°. The effect of viscous dissipation was also
neglected.

Since the density was a function of both
temperature and mass fraction of the organic
vapor, the momentum, energy, and species
equations were coupled through the body force
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term in the momentum equation. By using the
perfect gas relationships, assuming local thermo-
dynamic equilibrium, and constant total pres-
sure across the boundary layer, this term was
expressed by the following:

x=o(-1)
rlie () ()

- o1y (7)
Mb—Mu Pb
=) 3

Finally, to express the body force in terms of the
dependent variables T and w,, the above expres-
sion was rearranged to give,

1
T.. (M
T M,)“

where P, was set equal to zero, by assuming
pure air outside of the boundary layer, and

1
M, <—P—°3 - 1) +1
M\ P
The total pressure P was practically equal to
P, due to the magnitude of the organic vapor
pressures. When M, = M,, or w, = 0, the body
force term reduces to the usual form found in
free convection heat-transfer problems.

The next step in the solution was to transform
the nonlinear coupled set of partial differential
equations to ordinary differential equations
prior to a simultaneous solution. To effect this,
a similarity analysis was applied. The defining
equations (1-5) were expressed in terms of a

single nondimensional, similarity variable n =
Cyx~*and ¥ = 4Cvx*F(n), where

X=g -1 ®)

Wy =

%
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and hence, were reduced from partial to ordinary
differential equations as follows:

momentum :
F" +3FF' —2AFY + A =0 (10)
energy:
6" + 3PrFg' =0 (11)
species :
¢" + 3ScF¢' =0 (12)
with transformed boundary conditions:
at n=0:  FO)=1 ﬁ”':)bw d;gz);
F(0)=0; 6(0) = 1-0;
$(0) = 10 - (13)
at 7> c0: lim F' =0;
lim 6 = 0; ” oloim(b:O.
n—>o0 N0 J

The primes denote total differentiation with
respect to the similarity variable #. Note that
the nonlinearity has been retained through the
transformation. The boundary condition re-
lationship between F(0) and ¢'(0) was discussed
by Eckert and Drake [6]. A derivation of the
above similarity transformation by means of the
group theory method of analysis can be found
in [7], where it was pointed out that due to the
complexity of the body force term, the only
boundary condition permitting si ch an analysis
was that of an isothermal surface.

The local convection coefficient was ex-
pressed by:

k (6T> B
Tw—Too ay y=0_

and the resulting local Nusselt number by,

h= — Ckx~*@(0) (14)

ks
Nu, = = ~Cx*0(0) = — (%) (). (15)

In a similar manner, the local Sherwood
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number was found to be,

Sh, = —Cx*¢'(0) = — (Gf)% ¢'0).  (16)

From the above equations it can be seen that
the definition of the local Grashof number is
given by:

3

Gr. = 9% ! 1.

oy T°0+ | _ M,
TW Mb Wpyy

The Nusselt and Sherwood numbers were
determined by simultaneously solving the trans-
formed ordinary differential equations (10-13)
to find the nondimensional temperature and
density gradients, 6(0) and ¢’'(0) respectively.
The technique used to obtain this solution is
discussed in the next section.

Table 1 summarizes the numerical values of
the physical properties used in the numerical
calculations. All properties were assumed con-
stant except the variation of organic vapor
pressure (P,,) with surface temperature (T,),
and the density variation in the body force term.

(17)

RESULTS

Numerical solutions to the transfor—ied set of
coupled, nonlinear, differential equations were
obtained on an IBM 7030 computer, utilizing
a modification of a program suggested by
Nachtsheim and Swigert [8]. This program
employed double precision and both the Runge-
Kutta and Adams-Moulton integration schemes
to provide asymptotic iteration throughout the
boundary layer. By using an automatic initial-
value routine, the missing boundary conditions
of the nondimensional velocity, temperature;
and organic mass gradients at the wall [F"(0),
0'(0), ¢'(0)] were found. In this manner, solutions
were obtained which satisfied the outer bound-
ary conditions to the fourth decimal place. As
anticipated, regions were encountered where no
solutions could be obtained. These occurred
when the opposing body force terms due to
temperature and organic vapor concentration
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Table 1. Physical properties

Material Properties Reference
p-dichlorobenzene (a) log,, P, (Ib/ft?) = 11-518-5946-0/T,, (°R) [12]
(p-CeH,Cl,) (b) Sc = 223 [10]

(© M, = 1470 [13]
camphor (a) logyo P, (mmHg) = 8-799-2797-4/T,, (°K) [13]
(C10H;60) (b) Sc = 2-60 [10]
(c) M, = 1522 [13]
naphthalene (2) logy P, (mmHg) = 11-450-3729-3/T,, (°K) (13]
(C,oHg) (b) Sc = 2:57 [10]
(© M, = 1281 [13]
air (@)v =18 x 107* ft%/s [6]
(b) Pr = 072 (6]
(©) M, = 2896 [6]

differences were nearly equal. Physically these
regions were associated with flow instabilities,
where a similarity analysis of a laminar bound-
ary layer would not be applicable.

The behavior of the body force for p-dichloro-
benzene is shown in Fig. 2 in terms of the
Grashof number expressed as a function of
temperature and pressure ratios, 7T,/T, and
P./P,, for x equal to unity. Other organics
show a similar behavior. Solutions which were
obtained near the region where the net body
force changed directions were of greatest interest.
The nondimensional temperature gradients at
the wall obtained from the solution to the set
of transformed equations are shown in Fig. 3.
A similar behavior of the nondimensional
organic mass gradients was obtained, as shown
in Table 2.

The information from Figs. 2 and 3 was com-
bined to form the Nusselt number according to
equation (15). At a given temperature and
pressure ratio, the Nusselt number was the
product of (Gr,/4)* given in Fig. 2 and —6'(0)
given in Fig. 3. The relationship between the
Nusselt and Grashof numbers appears in Fig. 4.
In each of the figures the effect of varying the
pressure ratio P /P, is evident.

CONCLUSIONS

It is instructive to compare the results in
Fig. 3 with the calculations for free convection

heat transfer reported by Ostrach [9]. For a
Prandtl number of 0-72, a nondimensional wall
temperature gradient of —6'(0) = 0-5046 was
obtained. The values of —'(0) reported in this
study approached this value very closely in
certain regions. For example, for a pressure
ratio P_/P,, = 1000, the value for —@'(0)
agrees well with Ostrach’s value outside the
region 094 < T,/T,, < 1-08. It should be noted
that at all pressure ratios greater than 500, very
little deviation from the results for P /P,, =
1000 occurred. For P /P,, = 100, good agree-
ment with Ostrach was obtained outside the
region 07 < T,/T, < 1'5. Thus, in certain
regions the Nusselt number for a subliming
surface can be found by using heat-transfer
results, provided that the Grashof number is
defined according to equation (17).

As the pressure ratio decreased, the regions
where heat-transfer results were invalid became
larger. Within these regions two separate obser-
vations were noted. First, a significant deviation
in the values of —#(0) occurred, even though
these values resulted from solutions conforming
to the same convergence criteria as previous
runs. Second, regions were encountered where
boundary conditions could not be met, and
hence, no results were obtained. The regions of
no solution are obvious in Fig. 3. Such a region
was very small for pressure ratios of P /P,, =
1000 but as the ratio decreased, the region
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became larger. For P /P,, = 100, no solutions
were obtained for 0998 < T,,/T, < 105, and
for P,/P,, = 10, no solutions were obtained
for 0998 < T,/T,, < 1:52. The valid solutions
reported in this paper all occurred in the Grashof
number range between 10° and 10°.
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Experimental measurements of heat-transfer
rates from a subliming p-dichlorobenzene sur-
face were reported in [11] for 7,,/T,, > 1-0 and
pressure ranges between 200 < P /P,,, < 800.
The values so obtained, indicated in Fig. 4,
agree well with the high pressure ratio results for
T./)T, > 10.

Two examples are given to indicate the heat-
transfer effect predicted by these results. Con-
sider free convection sublimation with T,/T,, =
107 and P /P,,, = 845. If the wall temperature
is fixed and the environmental pressure is
isothermally lowered until P_/P,, = 100, the
value of —#10) changes from 0-508 to 0-562,
while that of (Gr,/4)* changes from 67-0 to 52+4.
Thus, the Nusselt number variation is from 34:1
to 29-4, a decrease of 13-8 per cent. On the other
hand, if T,/T,, = 095 and the same pressure
change occurs, the value of — #(0) changes from
0496 to 0-473 while that of (Gr,/4)* changes
from 552 to 67-6. The resulting Nusselt number
variation is from 27'3 to 320, an increase of
172 per cent. The same conclusions were
reached by plotting the dimensional velocity
profiles from the computer results. These plots
clearly showed that a decrease in pressure ratio
when T./T,, > 1-0 produced a thicker boundary
layer, whereas a decrease in pressure ratio when
T,/T, < 1-0produced a thinner boundary layer.
When the same pressure change occurred with
T,/ T, maintained at 15 or 06, there was very
little change in the Nusselt number.

The mass-transfer behavior, as evidenced by
variations in ¢'(0) and the Sherwood number,
followed a similar pattern. Graphs similar to
Figs. 2 and 3 were obtained for heat and mass
transfer for each of the organic materials
studied. Tabulation of the data in Table 2
provides an accurate record of the results. The
variation of #(0) and ¢'(0) with pressure ratio,
temperature ratio, and organic material can be
seen in Table 2. For a given pressure, the vari-
ations became more pronounced as the region
of instability was approached. Significant vari-
ations in both @'(0) and ¢'(0) also occurred for
all temperature ratios as the pressure ratio
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became smaller. For example, the difference
between ¢'(0) for camphor and naphthalene at
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Résumé—Les équations non-linéaires aux dérivées partielles définissant ’écoulement du type couche
limite de convection naturelle le long d’une surface verticale plane sublimable et ne réagissant pas ont été
résolues au moyen d'une transformation de similitude et d’'une méthode numérique d’itération asympto-
tique a travers la couche limite. La température ambiante et Ia pression ont été modifiées pour observer
’effet résultant sur les nombres de Nusselt et de Sherwood. On s’est intéressé particuliérement 4 I'effet du
rapport de pression (P /P,,) prés des régions d’instabilité de I’écoulement provoqué par I'interaction des
forces d’Archiméde et de pesanteur dans la couche limite. Les résultats indiquaient que la pression ambiante
pouvait avoir un effet sensible sur le transport de chaleur et de masse par convection dans certaines régions
bien définies.

Zusammenfassung—Die nicht-linearen, partiellen Differentialgleichungen fiir die Grenzschichtstrémung
bei freier Konvektion an einer senkrechten, ebenen, sublimierenden, nicht-reagierenden Oberfliche wurden
mit Hilfe einer Ahnlichkeits-Transformation und einer numerischen Methode der asymptotischen Iteration
durch die Grenzschicht geldst. Umgebungstemperatur und Druck wurden veriindert, um die sich einstell-
enden Einfliisse auf die Nusselt- und Sherwood-Zahlen zu beobachten. Besonderes Interesse wurde den
Einfliissen des Druckverhiltnisses (P /P,,) geschenkt in der Nidhe von stromungs-instabilen Bereichen,
die auf der Wirkung von Auftriebs- und Schwerekriften in der Grenzschicht beruhen. Die Ergebnisse
zeigen, dass der Umgebungsdruck einen deutlichen Finfluss auf den konvektiven Wirme- und Stoffiiber-
gang in gewissen, wohl definierten Bereichen haben kann.
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Anpvoranna—C MOMOINBIO ABTOMOJENBHHX Npeofpas3oBaHMil, a Take MeETOJA ACHMITOTH-
4eCKOHf HTepalMy M0 TOrPAHMYHOMY CIIOK pelieHH HeJWHelHHe uPdepeHIUaIbHbe
YPABHEHMA B YACTHHIX NPOMBBOJHHX A HOTPAHHYHOTO CJIOA Ha BEPTHKAJIbHON IIIOCKOHA
cybnumupylomeit Hepearupyiomeit MoBEpXHOCTH Ipu cBoboxHol KonBeruun. McciaegoBasoch
BJIMAHME OKPYKalmiell reMmneparyps u gaBieHus Ha uuciaa Hycceawra u lllepBynma. OcoGoe
BHUMAHUE 00pallajioch HA BIMAHME OTHOWeHWH Rasaenuss (P, /Pp,) BOmusH obnacrei
HeyCTOHYNBOCTH, 00YyCI0BIIEHHOIt B3aUMONeNCTBUEM NOXBEMHON W IpaBHTALMOHHON cCUIl B
NMOTPAHNYHOM Cclloe. PesyIbTATH IOKA3HIBAKT, UTO NAaBIEHNE OKPYMKAINell Cpemsl MOKer
OKA3HBAThL CWJIbHOE BIIMAHNE HA KOHBEKTHBHHIN TEIIIO-N MACCOOOMEH B CTPOTO ONIPeeIeHHBIX
obJracTax.



